Here, I develop a model for a two-level system that respects the time-reversal symmetry of the atom Hamiltonian and the Kramers theorem. The two-level system is formed by two Kramers pairs of excited and ground states. It is shown that due to the spin-orbit interaction it is in general impossible to find a basis of atomic states for which the crossed transition dipole moment vanishes. The parametric electric polarizability of the Kramers two-level system for a definite ground-state is generically nonreciprocal. I apply the developed formalism to study Casimir-Polder forces and torques when the two-level system is placed nearby either a reciprocal or a nonreciprocal substrate. In particular, I investigate the stable equilibrium orientation of the two-level system when both the atom and the reciprocal substrate have symmetry of revolution about some axis. Surprisingly, it is found that when chiral-type dipole transitions are dominant the stable ground state is not the one in which the symmetry axes of the atom and substrate are aligned. The reason is that the rotational symmetry may be spontaneously broken by the quantum vacuum fluctuations, so that the ground state has less symmetry than the system itself.
I. Introduction
At the microscopic level, physical systems are generically ruled by time-reversal invariant Hamiltonians [1] . The time reversal operator  acts on the system state in such a way that its dynamics is effectively reversed in time, analogous to a movie played backwards [1, 2] . Evidently, a double time-reversal should essentially undo the action of  , i.e., it must bring the system back to its original state. This could naively suggest that 2  should be the identity operator ( 2  1  ). Notably, this is not always the case. For example, for spin ½ particles, e.g., an electron described by the Schrödinger equation, the time reversal operator satisfies 2  1  [3] . The extra minus sign implies a change in the phase of the wave function but does not alter the expectation of any physical operator, consistent with the idea that the double time reversal should leave the system state unchanged.
As is well known, the extra minus sign has several interesting physical consequences.
For example, the wave scattering in time-reversal invariant platforms with 2  1  is characterized by an anti-symmetric scattering matrix [4, 5] . This property may enable propagation immune to the back-scattering due to impurities or deformations of the propagation path, a phenomenon known as the spin-Hall effect [4] . Furthermore, another nontrival implication of 2  1  is that the stationary states of an electronic (spin ½) system must be doubly degenerate. This property is known as the Kramers theorem [3] .
The archetypal system in quantum optics is the two-level atom. In the usual description, the atom has two non-degenerate energy states: the excited state and the ground state. Evidently, such an idealized model is at odds with the Kramers theorem, as the time reversal invariance of the atom Hamiltonian requires both the excited state and the ground state to be doubly degenerate. In fact, a time-reversal invariant spin ½ system with two different energy levels has necessarily four eigenstates.
The main objective of this article is to understand how the degeneracy of the ground state and the additional complexity arising from the dipolar-type interactions between the two ground states and the two excited states of the Kramers two-level system affects Casimir-Polder interactions and the stable ground state configuration [6] [7] [8] [9] . To this end, I calculate the Casimir interaction energy (van der Waals potential) of the Kramers twolevel atom both in reciprocal and in nonreciprocal environments. I find that for nonreciprocal environments the Casimir energy is ground state dependent and that the interactions with the quantum vacuum may result in an energy splitting of the freeground eigenstates, somewhat alike to the Zeeman effect. It is important to mention that several recent works highlighted that the nonreciprocity of the environment can tailor in unique ways the Casimir-Polder dispersion forces and torques in atomic and nano-scale systems [10] [11] [12] [13] [14] [15] [16] , but neglecting in most cases the degeneracy of the atom ground state.
In addition, it is proven that for reciprocal environments the Casimir energy is independent of the ground state. I use the developed formalism to study the equilibrium configurations of a Kramers two-level system positioned near a metallic surface. The atom is invariant under arbitrary rotations about some symmetry axis. Intuitively, one might expect that the stable ground state configuration should have rotational symmetry, such that the symmetry axes of the atom and of the substrate should be aligned.
Interestingly, it is found that this intuitive understanding is wrong and that the equilibrium configuration depends on the relative strength of the dipolar transitions with circular and linear polarization. When the chiral-type (with circular polarization) dipolar transitions dominate, the stable ground state has a broken rotational symmetry and the atom symmetry axis is parallel to the metal substrate. Thus, the ground state has less symmetry than the system itself: the rotational symmetry is spontaneously broken by the quantum vacuum fluctuations.
In general, the mechanism of spontaneous symmetry breaking plays a fundamental role in many physical phenomena, e.g., in ferroelectricity, ferromagnetism or in superconductivity [17, 18, 19] . The Higgs mechanism is another example of spontaneous symmetry breaking and explains the origin of the mass of bosonic particles in the standard model of elementary particle physics [19] . The spontaneous symmetry breaking mechanism is also relevant in the context of the electrodynamics of moving media and quantum friction [20, 21] . Here, I show for the first time that the interactions of a Kramers two-level system with the quantum vacuum may result in a spontaneously broken rotational-symmetry.
II. Two-level system formed by Kramers pairs
According to the Kramers theorem, the stationary states of a spin ½ electronic system described by a time-reversal invariant Hamiltonian must be degenerate [3] . Indeed, given a generic state 1 n with energy n E it is possible to construct another state, 2 1 n n   , with the same energy n E . The two states are necessarily linearly independent because for spin ½ systems the time reversal operator satisfies 2  1  . In particular, it follows that the ground state of any system with a single electron is necessarily degenerate. For example, the ground state of the hydrogen atom is determined by the s-orbital which -5-consists of two states with opposite spins. In a system with a degenerate ground the timereversal operator typically links different ground states. From the Kramers theorem, it follows that the minimal basis for a  -invariant twolevel system consists of two excited states and two ground states ( Fig. 1a ), rather than a single excited state and a single ground state as considered for simplicity in most works.
Let 1 e , 2 e be a basis of the excited states and 1 g , 2 g a basis of the ground states.
The two sets are formed by Kramers pairs such that 2 1 e e   , 
The two elements d γ and c γ depend on the adopted basis of states. If d γ and *
The tensor  Ω 1 in Eq. optical response of the atom is generically nonreciprocal when it is prepared in a given definite ground state [28] . This property is consistent with the recent literature of chiral quantum optics [29] . Specifically, it has been shown both theoretically and experimentally that by preparing an elementary quantum-emitter in an initial ground-state that favors some particular circularly polarized (chiral) optical transitions it is possible to have strongly nonreciprocal light-matter interactions, e.g., highly asymmetric photon emissions, non-reciprocal absorption and modified super-radiance [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . It is relevant to mention that the standard quantum optics model for a two-level atom also gives nonreciprocal responses because in general S S , T  α α (see Eq. (7)).
An initial state of the form 0
is transformed by the time-reversal operation into
. It may be verified that:
where the superscript "T" stands for the transpose of a tensor. Thus, the polarizability tensors associated with two ground states linked by the time-reversal operation are related by matrix transposition. This is a standard property of nonreciprocal systems [28] .
In the very special case c 0  γ with d γ linearly polarized, the polarizability (
satisfies the Onsager-Casimir reciprocity relation T  α α [40, 41] , and is independent of the initial ground state. Note that R α , i.e., the first component of α in Eq. (5a), is a symmetric tensor independent of 0  . Furthermore, for thermal states the ground states are equiprobable and uncorrelated ( 
B. Link between the gyration vector and the orbital magnetic dipole moment
The orbital magnetic dipole moment is ê
angular momentum operator, 0 2 e e e m    is the (classical) gyromagnetic ratio, e m is the electron mass and 0 e  is the elementary charge. Here, r and  are the position and momentum operators of the electron. For a two-level system, the position operator is 
Thus, the gyration vector Ω determines the expectation of the ground-state orbital magnetic dipole moment. In simple terms, due to the spin-orbit coupling the atom behaves as a tiny magnet whose magnetization depends on the ground state. Ground states linked by the time-reversal operator have anti-parallel (additive symmetric) orbital magnetic dipole moments. Indeed, because m is odd under a time-reversal it is necessary
IV. Casimir physics
So far, it was assumed that the atom is far from other material bodies. The rest of the article focuses on the interaction of the Kramers two-level atom with the electromagnetic vacuum. The quantum emitter is placed at a distance d from a macroscopic planar material interface, as depicted in Fig. 1b .
A. Casimir interaction energy
The Casimir interaction energy, also referred to as the van der Waals (vdW) potential,
gives the energy shift of a given atomic ground state due to the interactions with the vacuum of the quantized electromagnetic field [25] . To lowest order perturbation theory -13- and for a generic atom "ground state" 0  , it can be written in terms of the polarizability as follows [25, 42] :
with   tr .. the trace operator and int C an interaction tensor that describes the coupling of the two-level system and the material substrate (see Appendix C). The polarizability is evaluated along the imaginary frequency axis ( i    ) where the material response does not exhibit any resonant features [43] . For now, it is assumed that
the thermal wavelength, so that the temperature corrections are negligible.
Evidently, int  may depend on 0  because α also does. Therefore, initial states of the form
may suffer different energy shifts. This implies that different from the free-atom case, when the atom is in the vicinity of a material surface there may be an energy cost to push it from a given free-atom ground state to another ground state.
For future reference, it is noted that in the standard model of quantum optics, i.e., when the two level atom has uniquely 2 eigenstates so that the polarizability is given by Eq. (7), the Casimir interaction energy is given by:
The superscript "S" refers to the standard model approximation. 
. For a reciprocal substrate, e.g., a standard metal surface, the interaction tensor int C is symmetric. The trace of the product of symmetric and anti-symmetric matrices vanishes. Using this property one readily finds that:
Hence, the interaction energy (i.e., the energy shift suffered by 0  ) is independent of the considered ground state 0  . In particular, the energy shift is insensitive to the nonreciprocity of the (parametric) polarizability response. 
As shown in Fig. 2 
and Eqs. (13)- (14) and one obtains the following closed analytical formula for the Casimir energy:
C. Nonreciprocal substrate
Suppose now that the substrate is nonreciprocal so that int C does not need to be a symmetric tensor. For simplicity, it is assumed that the crossed transition dipole moment vanishes so that c 0  γ . Using Eq. (B7), the interaction energy for the Kramers pairs model is:
Remarkably, for a nonreciprocal substrate the interaction energy generally depends on 0  . The interaction energy can be written in terms of 
To illustrate the ideas, suppose that the substrate is an electron gas (metal) biased with a static magnetic field oriented along the y-direction, i.e., parallel to the interface with air (z=0). The nonreciprocal material is characterized by the plasma frequency p Ref. [42] , it follows that S int  can be written as:
where , a    are functions defined in Ref. [42] and which are independent of d The atomic energy shift int  is ground-state independent for H-pol. In this case, ef H is a scalar and the ground-state of the interacting system is degenerate. In contrast, for Vpol int  varies with 0  . In particular, the Kramers pairs 1 g and 2 g suffer different energy shifts when the polarization plane is vertical. This energy level splitting is due to the nonreciprocal magnetic bias and is reminiscent of (but not the same as) the Zeeman effect. Note that the present analysis neglects the coupling of the atomic spin with the static magnetic bias, which is mechanism responsible for the Zeeman effect.
The Casimir torque may act to reorient the atom plane of polarization [11, 45, 46, 47] .
To study this effect, I show in Fig. 3b g . For a circularly polarized atom, the Casimir torque acts to reorient the polarization plane in such a way that it is vertical and perpendicular to the magnetic bias.
V. Spontaneous symmetry breaking of rotational symmetry
Next, I analyze the equilibrium positions of a Kramers two-level atom when it is placed nearby a reciprocal metal surface. It is supposed that the atom has a rotational -21-symmetry about some reference axis. It is shown that the ground state of the combined system (atom + substrate) may have a broken symmetry depending on the relative strength of dipole transitions with linear and circular polarization.
A. Casimir torque
It is useful to obtain a general formula for the Casimir torque acting on the atomic system. As is well-known, the Casimir torque along a generic direction n can be found 
with /     γ γ . Since n is arbitrary the torque can be expressed through the compact formula:
B. Metal surface
Applying Eq. (22) to a (reciprocal) metal surface with interaction energy given by Eq.
(16), one gets:
I used the fact that C  is a symmetric tensor. Noting that ˆ   C 1 z z  the above result can be rewritten as:
In the rest of the article, I focus on an atomic system that is invariant under arbitrary rotations about some reference axis. When the reference axis is aligned with the z- 
Since * d c c , , γ γ γ are linearly independent it is impossible to eliminate the crossed dipole element with a basis change. Evidently, when the axis of symmetry of the atom is aligned along the generic radial direction r , Eq. (25) must be replaced by:
Here, ˆ, , r θ φ are unit vectors associated with a spherical coordinate system attached to the Cartesian reference frame. Substituting the above formulas into Eqs. (16) and (24) it is found that the Casimir energy and torque are given by:   , so that the atom symmetry axis is aligned with the zdirection and the equilibrium ground state has the same rotational symmetry as the system (Fig. 4a, top) . In particular, the minimum of int  occurs for 0º   (Fig. 4a,   bottom ). Note that in the lower panels of Fig. 4 the angle  is measured along the radial direction. (Fig. 4b, bottom) . The configurations of stable equilibrium form a continuum. For any of the equilibrium points the atom symmetry axis is horizontal with respect to the substrate (Fig. 4b, top ). Any two equilibrium configurations differ by some rotation with respect the z-direction; a given -25-equilibrium configuration does not exhibit any particular symmetry. Evidently, the equilibrium ground state has less symmetry than the system itself: the rotation symmetry is spontaneously broken by the vacuum fluctuations. The point d c / 2    marks a phase transition between the preserved and the spontaneously broken rotational symmetries. The spontaneous symmetry breaking due to the interaction of an atom with a metallic surface is reminiscent of other forms of (parity) symmetry breaking that occur in natural compounds and organic molecules (e.g., in polar molecules such as ammonia or in sugar molecules) [17] .
A simple mechanical analogue of the system consists of a cylindrical bottle standing in still water. If the bottle stands vertical with respect to the water surface the system has rotational symmetry. However, this equilibrium point is unstable: any tiny perturbation of the water surface will make the bottle fall along some direction; the stable equilibrium position corresponds to a situation for which the bottle symmetry axis is horizontal with the respect to the interface. The rotational symmetry of the system is spontaneously broken by fluctuations on the water surface.
It is relevant to mention that the continuous variation between the state with c 0   , which has a ground with a preserved rotational symmetry, and the state with d 0   , which has a spontaneously broken rotational symmetry, is only possible using the A) . Thus, the general requirement for the spontaneous symmetry breaking is that the chiral-type transitions predominate. This means that the platforms that are currently being studied in the context of chiral quantum optics are potentially suitable for the observation of the effect [29] . I also note that the spontaneous symmetry breaking can be predicted with the standard two-level atom model 
VI. Summary
The 
It can be checked that the polarizability tensor (5) 
Supposing that the region above the material substrate in Fig. 1b is a vacuum, the interaction tensor is given by [42, 52]     
Appendix D: int C for a metal half-space
Here, I obtain an explicit formula for int C for a metal half-space using a quasi-static approximation. 
When the emitter is placed in the vicinity of the metal half-space the retardation effects due to the finite speed of light are negligible. In these conditions, it is helpful to use a quasi-static approximation such that the complex field amplitudes satisfy    E and 0  H . In the quasi-static limit, the modes are surface plasmon polaritons described by n    [42, 53] . Assuming that the metal permittivity is R vanish and therefore ef H is a diagonal matrix. In this case, the ground state of the interacting system is in general non-degenerate and is either 1 0 g or 2 0 g .
